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• DGG construction (hyperbolic)
• Surgeries and Kirby moves
• Matter circles
• Nahm sums 
• Gauging and flips
• Fusion and descendent dualities
• Open problems
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DGG construction
• Abelian 3d theories can be constructed by wrapping M5-branes on 

hyperbolic three-mfds. 
• Hyperbolic mfds are knot complements with cusps which are singular 

in terms of metric,  𝑆!\K, whose boundary is a torus 𝑇".
• Hyperbolic mfds can be interpreted as gluing tetrahedrons. Each 

chiral multiplets <-> tetrahedrons,   superpotentials <-> gluing 
tetrahedrons. This correspondence is more like a conjecture from the 
perspective of 3d N=2 theories.
• The 3d theories realized by DGG is denoted by T[𝑆!\K], the 3-mfds 

are non-compact. 
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3d/3d and topological sector

• However, not all 3-mfds are hyperbolic. For instance, 𝑆! is one basic 
3-mfds but not hyperbolic. So DGG construction should be a subset of 
the complect story.
• In recent years, Gukov and others consider the 3d-3d correspondence 

on compact mfds. The 3d Chern-Simons theroy on 𝑀!  corresponds to 
a 3d N=2 theory 𝑇[𝑀!]. Both sides share the same 3-mfd.
• This means that we do not urgently need hyperbolic structures in 

many cases. We are free to consider topological structures and 
compact 3-mfds.

3



Surgeries and Kirby moves
• To think about compact 3-mfds, we should rely on topological 

structrure, which is more basic and simple than hyperbolic. By 
topological structure, I means the one that is captured by surgeries 
and Kirby moves.
• Surgeries: we cut out the neighborhood of a link, and then glue back 

solid torus to each unknot component 𝑆!\𝐿# ⊔ 𝐿" ⊔ 𝐿!. 

•  The surgery along knots can be resolved into links.
• Surgery is an universal method to obtain all compact and oriented 

three-manifolds. 
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Kirby moves
• For a given three-manifold, the surgeries are not unique; there are many 

equivalent surgeries that are related through Kirby moves. Different 
surgeries are just different representations of the same 3-mfds.
• Kirby moves have two types: blow up/down, and handle slides. 

• In particular, there is one exceptional equivalent surgery called Rolfsen 
twist, which is an exception beyond Kirby moves, and particularly applies 
to identical surgery with infinite large framing number 𝑓 = ∞.	This twist 
could turn it into f =1.
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Dualities 
• Then, what do Kirby move mean in physics? 
• If we believe the 3d theory 𝑇[𝑀!] is determined by 𝑀! that plays the 

role of Seiberg-Witten curves, then the Kirby moves as the geometric 
structures of 𝑀! should be interpreted as dualities:

• The initial progress is in Gadde, Gukov, Putrov “Fivebranes and 4-
mfds” [1306.4320]. 3d abelian theories are considered. 
• In this paper the Kirby moves of first type are interpreted as 

integrating out/in gauge fields.

6



Dualities
• Moreover, linking numbers of surgery circles are interpreted as the 

mixed Chern-Simons levels:

• However, this story is not comple, as no coupled chiral multiplets is 
present in their theories. Then the question becomes how to produce 
matters through 3-mfds. 
• Our claim is that the chiral multiplet can be realized by adding Ooguri-

Vafa defects.
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Ooguri-Vafa defects

• Ooguri-Vafa defect is a Lagrangian submanifold in the cotangent 
bundle of the 3-mfds. 
• The intersection between OV defects and 3-mfds are a circle. OV 

defects have the topology  𝑅"×𝑆#. The intersection is 𝐿	 ∩ 𝑀! = 𝑆#.
• The OV defect is non-compact, and when we put a M5-brane on it, it 

gives a flavor symmetry 𝑈(1)$.
• In order to know how this OV defect relates to matters, we need 

more detailed analysis on geometry.
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Ooguri-Vafa defects

• As an insightful example, we think about the torus fiberation of Lens space 
L(k,1) , which is the gluing of two solid tori, 

• The M/IIB duality maps it to NS5-D3-NS5 brane web in IIB, which realizes a 
pure 3d 𝑈(1)! theory. If we put OV defect along 𝑆" ⊂ 𝑇# which is 
longitude of the torus, then OV defect maps to a D5-brane which surely 
gives a hypermultiplet in 3d theroy.  
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Matter circles and gauge circles

• We can propose a notation for two types of circles on a torus:
Gauge circle (meridian) -> 𝑈(1)% ,  matter circle (longitude) -> 𝑈(1)$
• The images of gauge circles are always surgery circles. The matter 

circles can be either on longitude of meridian, depending on framing 
numbers.
• What is interesting is the the linking number between gauge circle 

and matter circle is the charges of the matter.
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• Example:

• We can use matter circles and gauge circles to represent a basic (ST-) 
duality 𝑈(1)"/# + 1	Φ <-> 1	Φ , which is obtained by comparing Rolfsen 
twist with identical surgery.

•  ST-duality switches the locations of matter circles. ST-move is an extended 
Kirby move of blow up/down in the presence of OV defects. 
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Handle slides
• We also have the handle slides: 

• We find handle slides for guage circles are also preserved in the presence 
of OV defects, which basically change the locations of matter circles.

• One can even find an analogous figure below in 3-mfd textbook, which is 
caused by a handle slide:
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Nahm sum
• Nahm sum is a nice form that the vortex partition functions (~half-

indices) could be written as:

• We can slightly entend it by turning on mass parameters, generic 
charges, and adding one-loop contributions:

• Recently, I am aware that Nahm sum could describe the 3d N=4 rank 
0 theories (ask Prof. Lee). Here, we will use it to read off geometries.
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Gauge flavor symmetries 
• The method of gauging can be read off from vortex partition 

functions: 

• Roughly, gauging a fundamental matter leads to a bi-fund. matter:

• Gauging topological symmetry:
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Flip mass parameters

15

• Flipping the signs of mass parameters changes mixed Chern-Simons 
levels. Geometrically, it introduces a twist to gauge circles:

• The flips are described by 

• Generically, flipping a bi-fundamental matter is a Fenn-Rourke move:

<latexit sha1_base64="xu16JWXLSShZj/AMFCh0VmdFlko=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiUj0WvHisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357SeujYjVI04S7kd0qEQoGEUrPVwQr1+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVr1atXZ/Vam7eRxFOIFTOAcPrqEOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AE0wI0N</latexit>

+1



Fusion identity
• We notice that there is a crucial identity that could derive all 3d 

abelian dualities that I know.

• Fusion identity describes the connected sum of matter circles:

• Fusion identity is the operation of a gauging and a Hanany-Witten 
move:
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<latexit sha1_base64="W9cWYDRf0H0fby2ET8I0iCSaN2E=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoPgKeyKRo8BPXiMYB6SLGF2MkmGzMwuM71iWPIVXjwo4tXP8ebfOEn2oIkFDUVVN91dYSy4Qc/7dnIrq2vrG/nNwtb2zu5ecf+gYaJEU1ankYh0KySGCa5YHTkK1oo1IzIUrBmOrqd+85FpwyN1j+OYBZIMFO9zStBKDx1kT5jeXEy6xZJX9mZwl4mfkRJkqHWLX51eRBPJFFJBjGn7XoxBSjRyKtik0EkMiwkdkQFrW6qIZCZIZwdP3BOr9Nx+pG0pdGfq74mUSGPGMrSdkuDQLHpT8T+vnWD/Kki5ihNkis4X9RPhYuROv3d7XDOKYmwJoZrbW106JJpQtBkVbAj+4svLpHFW9ivlyt15qVrJ4sjDERzDKfhwCVW4hRrUgYKEZ3iFN0c7L8678zFvzTnZzCH8gfP5A9AJkGU=</latexit>

D5

<latexit sha1_base64="JO7AtZUxUtcJTDZhgQeYNfE7G10=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoPgKeyqRI8BPXiMYB6SLGF2MkmGzMwuM71iWPIVXjwo4tXP8ebfOEn2oIkFDUVVN91dYSy4Qc/7dnIrq2vrG/nNwtb2zu5ecf+gYaJEU1ankYh0KySGCa5YHTkK1oo1IzIUrBmOrqd+85FpwyN1j+OYBZIMFO9zStBKDx1kT5jenE+6xZJX9mZwl4mfkRJkqHWLX51eRBPJFFJBjGn7XoxBSjRyKtik0EkMiwkdkQFrW6qIZCZIZwdP3BOr9Nx+pG0pdGfq74mUSGPGMrSdkuDQLHpT8T+vnWD/Kki5ihNkis4X9RPhYuROv3d7XDOKYmwJoZrbW106JJpQtBkVbAj+4svLpHFW9ivlyt1FqVrJ4sjDERzDKfhwCVW4hRrUgYKEZ3iFN0c7L8678zFvzTnZzCH8gfP5A8z/kGM=</latexit>

D3

<latexit sha1_base64="OVW83oiH4kB014KH/pxbeSBDX0k=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRo8BL54konlgsoTZSW8yZHZ2mekVw5K/8OJBEa/+jTf/xsnjoNGChqKqm+6uIJHCoOt+Obml5ZXVtfx6YWNza3unuLvXMHGqOdR5LGPdCpgBKRTUUaCEVqKBRYGEZjC8nPjNB9BGxOoORwn4EesrEQrO0Er3HYRHzK5vz8bdYsktu1PQv8SbkxKZo9YtfnZ6MU8jUMglM6btuQn6GdMouIRxoZMaSBgfsj60LVUsAuNn04vH9MgqPRrG2pZCOlV/TmQsMmYUBbYzYjgwi95E/M9rpxhe+JlQSYqg+GxRmEqKMZ28T3tCA0c5soRxLeytlA+YZhxtSAUbgrf48l/SOCl7lXLl5rRUrczjyJMDckiOiUfOSZVckRqpE04UeSIv5NUxzrPz5rzPWnPOfGaf/ILz8Q2FpJDM</latexit>

NS5
<latexit sha1_base64="OVW83oiH4kB014KH/pxbeSBDX0k=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRo8BL54konlgsoTZSW8yZHZ2mekVw5K/8OJBEa/+jTf/xsnjoNGChqKqm+6uIJHCoOt+Obml5ZXVtfx6YWNza3unuLvXMHGqOdR5LGPdCpgBKRTUUaCEVqKBRYGEZjC8nPjNB9BGxOoORwn4EesrEQrO0Er3HYRHzK5vz8bdYsktu1PQv8SbkxKZo9YtfnZ6MU8jUMglM6btuQn6GdMouIRxoZMaSBgfsj60LVUsAuNn04vH9MgqPRrG2pZCOlV/TmQsMmYUBbYzYjgwi95E/M9rpxhe+JlQSYqg+GxRmEqKMZ28T3tCA0c5soRxLeytlA+YZhxtSAUbgrf48l/SOCl7lXLl5rRUrczjyJMDckiOiUfOSZVckRqpE04UeSIv5NUxzrPz5rzPWnPOfGaf/ILz8Q2FpJDM</latexit>

NS5
<latexit sha1_base64="OVW83oiH4kB014KH/pxbeSBDX0k=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRo8BL54konlgsoTZSW8yZHZ2mekVw5K/8OJBEa/+jTf/xsnjoNGChqKqm+6uIJHCoOt+Obml5ZXVtfx6YWNza3unuLvXMHGqOdR5LGPdCpgBKRTUUaCEVqKBRYGEZjC8nPjNB9BGxOoORwn4EesrEQrO0Er3HYRHzK5vz8bdYsktu1PQv8SbkxKZo9YtfnZ6MU8jUMglM6btuQn6GdMouIRxoZMaSBgfsj60LVUsAuNn04vH9MgqPRrG2pZCOlV/TmQsMmYUBbYzYjgwi95E/M9rpxhe+JlQSYqg+GxRmEqKMZ28T3tCA0c5soRxLeytlA+YZhxtSAUbgrf48l/SOCl7lXLl5rRUrczjyJMDckiOiUfOSZVckRqpE04UeSIv5NUxzrPz5rzPWnPOfGaf/ILz8Q2FpJDM</latexit>

NS5

<latexit sha1_base64="MpzaLBX7bfrxmP9IcPcKGpbplfM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF49V7Ae0oWy2k3bpZhN2N2Io/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHkyXoR3QoecgZNVa6f8r65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8CVWGM4HTUi/VmFA2pkPsWipphNqfzC+dkjOrDEgYK1vSkLn6e2JCI62zKLCdETUjvezNxP+8bmrCa3/CZZIalGyxKEwFMTGZvU0GXCEzIrOEMsXtrYSNqKLM2HBKNgRv+eVV0rqoerVq7e6yUq/lcRThBE7hHDy4gjrcQgOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD8L+jX4=</latexit>xy
<latexit sha1_base64="TQD6M/aHN+6Xq6IsvnGOZzBEOlA=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4rEF+wFtKJvtpF272YTdjVhCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/Pbj6g0j+W9mSToR3QoecgZNVZqPPVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNkUbgrf88ippXVa8aqXauCrXqnkcBTiFM7gAD66hBndQhyYwQHiGV3hzHpwX5935WLSuOfnMCfyB8/kD5i+M+w==</latexit>x

<latexit sha1_base64="nADyKYSFnH0ciqf9hZ0L1BueXBg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsp+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBZcG9f9dgobm1vbO8Xd0t7+weFR+fikraNEMWyxSESqG1CNgktsGW4EdmOFNAwEdoLp3dzvPKHSPJIPJo3RD+lY8hFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHEkhClYYJq3fPc2PgZVYYzgbNSP9EYUzalY+xZKmmI2s8Wh87IhVWGZBQpW9KQhfp7IqOh1mkY2M6Qmole9ebif14vMaNbP+MyTgxKtlw0SgQxEZl/TYZcITMitYQyxe2thE2ooszYbEo2BG/15XXSvqp6tWqteV2p1/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kD57OM/A==</latexit>y
<latexit sha1_base64="iMGGPy4GRSdmE6Hnr1DBSpwxIww=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseClx4r2FZpQ9lsN+3SzSbsTsQS+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMb6PqCGS6F4CwVKfp9oTqNA8k4wvpn5nUeujYjVHU4S7kd0qEQoGEUrPfSQP2HW6Ez75Ypbdecgq8TLSQVyNPvlr94gZmnEFTJJjel6boJ+RjUKJvm01EsNTygb0yHvWqpoxI2fzQ+ekjOrDEgYa1sKyVz9PZHRyJhJFNjOiOLILHsz8T+vm2J47WdCJSlyxRaLwlQSjMnsezIQmjOUE0so08LeStiIasrQZlSyIXjLL6+S9kXVq1Vrt5eVei2PowgncArn4MEV1KEBTWgBgwie4RXeHO28OO/Ox6K14OQzx/AHzucPCdqQiw==</latexit>

HW



Fusion to superpotential

• Although fusion itself may not be an identity, but it derives the SQED-
XYZ duality which contains a superpotential W=XYZ up to a gauging 
and a decoupling, so roughly  fusion = superpotential.
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Nahm sum for SQED-XYZ duality

18



Descendent dualities
• Descendent dualities are described
 by non-trivial identities involving
 q-Pochhammer products, 
 such as
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Hopf algebra (work in progress)

• The fusions and flips indicate a hiding algebraic structure, which may 
be a modified Hopf algebra of quantum groups. 
• Hopf algebra is defied by properties:

• Roughly, antipode S =flip, and the third property is the fusion identity.
• This may imply the correspondence: 3d dualities <-> extended Kirby 

moves <-> modified Hopf algebra.
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Open questions

• How to relate fusion to R-matrix
• 4d theory (2409.20393 “3D TFTs from 4d N = 2 BPS Particles”)
• Non-abelian theories.
• Many others
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Thanks very much for your attention!


